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Abstract. The small scale structure opens a window to constrain the dynamical properties of
Dark Matter. Here we study the clustering of warm dark matter (WDM) in a semi-analytical
approach and compared the linear power spectrum of WDM with cold dark matter (CDM)
employing a new transfer function Tv(a, k) in terms of the viral wave number kv = 2pi/λv
corresponding to a structure with a viral radius rv = λv/2, half the size of the free streaming
scale radius rv = rfs/2 = λfs/4. The virial mass Mv contained in this structure corresponds
to the lightest structure formed for a WDM particle becoming non-relativistic at the scale
factor anr with the corresponding λfs. The viral transfer function Tv(a, k) = [1 + (k/kv)βv ]γv
is given in terms of the viral mode kv and two constant parameters βv and γv. We compare
Tv(a, k) with the Boltzmann code CLASS for WDM in the mass range 1-10 keV and we obtain
the constraint βvγv = −18 with ν = 1.020 ± 0.025. In the standard approach the transfer
function is given by T (a, k) = [1 + (αk)β]γ [2] where α encodes the dynamical properties of
WDM and must be numerically adjusted by means of a Boltzmann code. In contrast, in our
viral approach the physical quantity kv is simply given in terms of the free streaming scale λfs
and can be analytically determined. Our viral proposal has a good agreement with CLASS
and improves slightly the results from the standard transfer function. To conclude, we have
proposed a new physically motivated transfer function Tv(a, k) where the properties of WDM
are encoded in the viral wave number kv, is straightforward to determine and improves the
prediction of WDM clustering properties.
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1 Introduction
The standard ΛCDM model has been a very successful model to describe our Universe and
is consistent with cosmological observational evidence such as the cosmic microwave back-
ground (CMB) anisotropies [4], galaxy redshift surveys [5], type Ia Supernovae [6] reach to
the conclusion that the content of the Universe is composed of 69% dark energy driving the
accelerated expansion of the Universe, 31% matter whose clustering feature influence the large
scale structure formation, corresponding to 27% Dark Matter (DM) and the remaining 4% is
baryonic matter.
The nature of dark matter has received a great deal of attention in the last decade, due
in part of the missing satellites in the universe, and the amount of structure at different scales
and redshifts puts strong constraints on the nature of dark matter. In recent times the large
surveys such as SDSS-IV [7] and in the near future, DESI [8] in the near future will have
an important impact in determining the properties of dark energy (DE) and dark matter
(DM). Despite the efforts in both particle physics and cosmology, the nature and composition
of the DM are still unknown. Candidates for DM can be classified according to its velocity
dispersion, vnr, when the DM particle become non-relativistic (given by the scale factor anr).
For thermal relics one can relate the mass of the WDM particle to anr. In this case DM is cold
for mass larger than mcdm ∼ O(MeV). This kind of DM particles stop being relativistic and
start clustering object at early times. DM with a mass around mwdm ∼ O(keV) are known to
be warm, WDM, whose main attribute is that its dispersion velocity wipes out some density
concentrations of matter and, therefore, induce a cut-off scale into the mass halo function
[9]. The amount of energy density today Ωdmo along with the scale factor when the WDM
particle becomes non-relativistic anr are crucial for determining the properties of the large
scale structure of the universe. For instance, the dispersion velocity of DM particles wipes
out density concentrations of matter and, therefore, induce a cut-off scale in the mass halo
function [9]. Most DM candidates have a smooth evolution of the DM velocity, however, phase
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transitions in the underlying particle physics model for dark matter shows that an abrupt
transition to a non-relativistic limit is plausible [10, 11].
The large velocity dispersion of DM at early stages on the evolution of the Universe tends
to suppress gravitational clustering at small scales and conciliates with what it is observed.
Cosmological N-body simulations of the ΛCDMmodel predict the number of satellite galaxies
in Milky Way-like galaxies is smaller than the expected, the so-called missing satellite problem
[12–14] and high concentrations of DM in the innermost regions of galaxies (cusp-core problem
[15, 16]). Baryon physics also pursued the solutions to this problem by integrating star
formation and halo evolution in the galaxy, however, the discussion is still in progress [17–
19]. The details of the suppression at small scales depend on the DM particle nature, which
takes us to connect the DM models and astrophysical observations. It can be determined by
the parametrization of the transfer function TX(a, k) = (PX/Pcdm)1/2 in terms of the power
spectrum of X DM particles and ΛCDMmodel, where TX is scale and time-dependent. Is has
been conventional to compare the X and CDM models at the epoch when the amplitude of
the fluctuations of model X is half the size of ΛCDM , i.e. TX(a, k)2 = 1/2. Different ansatzes
have been proposed to parametrize the transfer function TX(a, k) and the parameters involved
must be numerically fitted using numerical Boltzmann codes [2, 3].
Here, we will present a new approach to structure formation where the virial radius
places a dominant role in structure formation. This new approach is physically motivated
and is consistent with previous works in WDM structure formation and it allows for an
understanding of the suppression of small scale structure in terms of the virial mass and radius.
We introduce a new analytical transfer function, physically motivated, that reproduces the
clustering of large classes non-thermal DM models and preserving the connection with the
physics and nature of the DM.
We present and compare the standard and our virial transfer function in section 2.1 and
section 3 , and the free streaming scale in Section 4, the dark matter analysis and finally the
conclusion in section 5.
2 Warm Dark Matter
The clustering properties of Dark Matter have a direct impact on the number of halo as a
function of mass and redshift and can be contrasted with several observational large scale
structure experiment as [7]. The velocity dispersion of DM particles plays a crucial roll in
structure formation. While DM particles are still relativistic, primordial density fluctuations
are suppressed due to the velocity dispersion of DM particles and inhibit the formation of
structure below the free streaming scale λfs [20]. Here, we will present two approaches to
extract cosmological clustering properties of warm dark matter (WDM) in terms of Transfer
Function T (a, k) defined as the quotient of the linear matter perturbations between WDM
and CDM. We refer to the standard approach the work of M. Viel et al. [2, 21] presented in
section 2.1 while our virial approach is given in section 3.
Throughout this paper, we adopt Planck 2018 cosmological parameters [4] in a flat
Universe with ωdmo = 0.12, and ωbo = 0.02237 as the CDM matter and baryonic with
ωi = Ωih
2 (with i = dm, b) and h = 0.6736 the Hubble constant in units of 100 km s−1Mpc−1,
zreio = 7.67 the reionization redshift , ns = 0.965 the tilt of the primordial power spectrum
and ln(1010As) = 3.044 with As the amplitude of primordial fluctuations.
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2.1 Transfer Function: Standard Approach
We will now present the standard approach to extract cosmological clustering properties of
warm dark matter (WDM) using the Transfer Function defined as the quotient of the linear
matter perturbations between WDM and CDM. The velocity dispersion of dark matter parti-
cles inhibits the formation of structure and the main parameter to account for this dispersion
is the scale factor when these particles become non-relativist given by anr [20] and recently
in [11]. The evolution of the linear energy density fluctuations are conveniently calculated by
publicly available Boltzmann codes, e.g. CAMB [22] and CLASS [1], giving a power spec-
trum of matter-energy density fluctuations Plin(a, k). By comparing the power spectrum for
different types of WDM particles one can infer the properties of a new WDM model without
the need to implement the new model in the Boltzmann codes. The parametrization of the
matter power spectrum for different WDM models has been presented in [2, 3], where the
properties of WDM models can be studied employing the transfer function T (a, k), defined
as
T (a, k) =
[
Pwdmlin (a, k)
P cdmlin (a, k)
]1/2
(2.1)
by comparing the power spectrum in the WDM model with CDM. The clustering properties
of WDM are conveniently determined by the scale k1/2 mode, where the power spectrum of
the WDM model is suppressed by 50% compared to a ΛCDMmodel, i.e.
[
T (a, k1/2)
]2
=
1
2
(2.2)
and it is a convenient reference point, in Table 1 we show some k1/2 values for different WDM
models. The standard transfer function for thermal WDM particle is given by [2, 3, 20, 23, 24]
T (k) =
[
1 + (αk)β
]γ
. (2.3)
The clustering properties of the dark matter model is contained in α while β and γ are constant
parameters to be fitted from numerical simulations. The quantity α has been estimated in
[2, 3]
α = 0.049
(mwdm
1keV
)1.11(Ωwdm
0.25
)0.11( h
0.7
)1.22
h−1Mpc. (2.4)
We can take β and γ as independent parameters or constrain them to be proportional to a
single parameter µ as in [2] where they find
β = 2µ, γ = −5/µ, µ = 1.12 (2.5)
with βγ = −10.
2.2 Analysis with kα mode
Alternatively to k1/2, we can define the mode kα ≡ 1/α rendering T (kα) = 2γ . From Eq.(2.3)
we see that the half mode is proportional to 1/α
k1/2 =
1
α
[(
1√
2
)1/γ
− 1
]1/β
=
1
α
ξV (2.6)
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with a proportionality constant
ξV ≡
[(
1√
2
)1/γ
− 1
]1/β
. (2.7)
For the values given in eq.(2.5) we obtain ξV ' 0.36. We define the mode
kα ≡ 1
α
=
k1/2
ξV
(2.8)
and kα > k1/2. We see that for k = kα the transfer function takes the constant value
T (kα) = 2
γ (2.9)
with T (kα) ' 0.045 for γ = −5/µ, µ = 1.12.
The ratio of the transfer function TX(kα)/TX(k1/2) ' 1/10 but kα/k1/2 ' 3. Since kα is
larger than k1/2 it corresponds to a less linear mode with a smaller transfer function TX(kα)
indicating a larger deviation from ΛCDMmodel. The information using TX(kV1/2) = 1/2 or
TX(kα) = 2
γ and kα is the same and kα provides an alternative mode to compare WDM
models using the transfer function.
3 The Virial Model
We propose to determine the transfer function Tv(kv) as a function of the viral mode kv,
defined in terms of the free streaming mode with kv = 2pi/λv with rv = λv/2 half the radius
of as structure with a size of the free streaming scale λfs. We refer to he transfer function
Tv(kv) as the virial approach. The free streaming scale λfs and mass Mfs are
λfs(t) ≡
∫ t
0
v(a)dt′
a(t′)
, Mfs =
(
4pi r3fs
3
)
ρo, (3.1)
with rfs = λfs/2 and ρo present matter content of the universe. The virial mode, radius and
viral mass are given by
kv = 2pi/λv, rv =
λv
2
=
λfs
4
, Mv =
(
4pi r3v/3)
)
ρv. (3.2)
The mass contained in the virialized structure is conserved and the virial mass is Mv = Mfs
and since rv is half the size of rfs the density of the virial sphere is ρv = 8ρ0. Of course, a halo
density profile such as NFW [25, 26] for example, would be more appropriate to determine
the energy density inside this structure but this lies beyond the scope of this work. We take
the transfer function for the virialized mode kv as a two-parameter linear transfer function
Tv(kv) as a function of the viral mode kv, similar as the Standard Transfer,
Tv(k) =
[
1 +
(
k
kv
)βv]γv
(3.3)
with βv and γv constant parameters. We determine the values of these parameters in the
next section (3), where we find that βv and γv are correlated leaving Tv(k) with only one free
parameter.
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Figure 1: Top panel. Plots of linear dimensionless matter power spectra for the CDM (black solid line)
and WDM of different masses, 0.5, 1, 3, and 10 keV, plotted as straight, dashed, dot-dashed and dotted lines,
respectively. Dark green color lines are those obtained from CLASS. Orange color lines is the power spectrum
is given from the parametrization, Eq.(2.3), pink and light green lines are the virial parametrization form Eqs.
(3.7) and (3.9), respectively. We show the percentage difference, ∆P (k), with respect the CDM matter ower
specrum.
3.1 Transfer Function: Virial Approach
Let us now determine compare the transfer function Tv(k) with Boltzmann codes for different
WDM models.
Tv(k) =
[
1 +
(
k
kv
)βv]γv
(3.4)
with βv and γv constant parameters. All the physical properties of WDM are imprinted in
the virial mode kv which is directly related to the free-streaming scale λfs given in eq.(4.7)
and it is not adjusted by the Boltzmann codes, contrary to the α parameter in eq.(2.4) in
section 2.1. The dependence of k in the transfer function in eq.(3.3) is given by
k
kv
=
rv
r
(3.5)
The scale k = kv = 2kfs corresponds to a radius rv which is half the size of the free streaming
scale radius rfs = λfs/2. We therefore have virial radius and k mode
rv ≡ rfs
2
=
λfs
4
, kv = 2kfs =
4pi
λfs
. (3.6)
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The dependence of the transfer function on the mass of the WDM particle is in the virial
mode, kv, and not in the α parameters of the transfer function as in eq.(3.3)). The mode kv
can be easily determined since it is proportional to the free streaming scale (cf. eq.(4.1)) and
does not require to be fitted using a numerical Boltzmann code. To determine the values of
βv and γv we compare our transfer virial function with WDM models from Class code [1], see
Fig.2.
We found numerically convenient to define the parameters βv and γv as βv = 2ν and
γv = −ζ/ν and we take ζ and ν as the independent parameters and we obtain for WDM
masses in the range (1-10)keV using CLASS, using the result for anr given in eq.(4.10) to
compute λfs and kv = 4pi/λfs,
T =
(
1 +
(
k
kv
)2ν)−ζ/ν
. (3.7)
βv = 2ν, γv = −ζ/ν, ν = 1.0253± 0.0232, ζ = 9.17± 0.19. (3.8)
giving a constraint βvγv = −2ζ = 18.34 ± 0.38. We also consider the case with a single free
parameter, as in the standard approach, by relating βv and γv. Contrary to the ansatz in the
standard transfer function approach, here we choose to define βv = 2ν and γv = −9/ν giving
a constraint γvβv = −18
T =
(
1 +
(
k
kv
)2ν)−9/ν
(3.9)
with
βv = 2ν, γv = −9/ν, ν = 1.020± 0.025. (3.10)
Notice that the value of ν in the one parameter case in eq.(3.10) is consistent with the two
parameters in eq.(3.8) and allowing us to work with the transfer function in eq.(3.9).
In Table 1 and Fig.2 and Fig.1 we show how good the virial transfer functions is by
computing the k1/2 for different models, for the standard transfer function, kviel1/2 , and also the
virial approach with 2 free parameters, eq.(3.7) denoted as k2p1/2 and with 1 free parameter,
eq.(3.9) and denoted as k1p1/2. The numbers is parenthesis are the percentage difference in
comparison with the scale directly obtained from the numerical solution from CLASS, kclass1/2 .
Class code [1], see Fig.2. We show in table 2 the values of kv, rv, Mv and anr or different
WDM masses in the range 1-10keV in our viral approach.
3.2 Analysis with the Viral mode kv
For k = kv the transfer function takes the value TX(k) = (2)γv , independently of the value
of βv, and can be used to compare different DM models as kα (c.f. eq.(2.8)) given in the
standard approach. From eq.(3.3) the half mode kv1/2 (i.e. T
2
v (k
v
1/2) = 1/2) is given by
kv1/2 = kv ξv (3.11)
with
ξv ≡
[(
1√
2
)1/γv
− 1
]1/βv
(3.12)
with a constant value given by ξv ' 0.21 using eq.(3.10).
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Mass anr kv k
v 1p
1/2 k
v 2p
1/2 k
viel
1/2 k
class
1/2
1 keV 1.20× 10−7 31.58 6.53 (5.60%) 6.53 (5.60%) 6.92 (0.11%) 6.91
2 keV 4.97× 10−8 69.78 14.40 (4.40%) 14.47 (4.88%) 14.93 (8.25%) 13.79
3 keV 3.18× 10−8 104.98 21.64 (1.03%) 21.73 (0.58%) 23.37 (6.88%) 21.86
4 keV 1.98× 10−8 161.82 33.40 (3.60%) 33.40 (3.60%) 32.21 (7.03%) 34.65
5 keV 1.39× 10−8 223.48 46.26 (6.05%) 46.26 (6.05%) 41.31 (5.29%) 43.62
6 keV 1.09× 10−8 280.32 58.00 (5.61%) 58.00 (5.61%) 50.41 (8.20%) 54.91
7 keV 8.83× 10−9 339.04 70.13 (1.44%) 70.13 (1.44%) 59.86 (13.41%) 69.13
8 keV 7.39× 10−9 399.62 82.53 (5.17%) 82.53 (5.17%) 69.50 (20.15%) 87.03
9 keV 6.31× 10−9 461.86 95.39 (9.60%) 95.39 (9.60%) 79.24 (8.95%) 87.03
10 keV 5.56× 10−9 519.30 107.29 (2.08%) 107.29 (2.08%) 89.13 (18.65%) 109.57
Table 1: Viral wavenumbers kv and k1/2 for different transfer functions in hMpc−1 units.
Values for kv 1p1/2 and k
v 2p
1/2 are obtained by the transfer function given by eq.(3.9) and eq.(3.7),
respectively, while kviel1/2 is obtained from eq.(2.3). The values of anr and k
class
1/2 , 2nd and last
column respectively, were obtained from the transfer function given by the code CLASS.
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Figure 2: Transfer function for WDM. Solid, dashed, and dot-dashed lines represent WDM masses of 1,
3, and 10 keV, respectively. Dark green color are transfer functions from CLASS code, orange color are the
transfer functions from Viel et al. [2] Eq.(2.3), pink lines are the virial transfer functions with 2 free parameter
(Eq.3.7), and green lines is the transfer function with 1 free parameter (Eq.3.9).
3.3 Comparing the two approaches
We have presented and alternative approach to the Transfer function. In the standard transfer
function approach in section 2.1 the quantity α given in eq.(2.4) contains the properties
of DM model such as its mass (which can be related to the scale factor when it becomes
– 7 –
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Figure 3: We show recent constrains [27] to anr from posterior probabilities at 68% and 95% confidence
level in the parameter space anr −Ωcdm (left), anr −H0 (middle), and the marginalized posterior distribution
of anr (right) using Planck EE, TE, and TT high-` spectra [4] combined with Wigglez matter power spectrum
[28] observations. At 1σ confidence level, the lower value is given by anr < 4.3× 10−6.
Mass anr rv kv Mv
1 keV 1.20× 10−7 99.8 31.5 1.32× 109
2 keV 4.76× 10−8 43.3 72.6 1.07× 108
3 keV 2.77× 10−8 26.4 118.8 2.45× 107
4 keV 1.89× 10−8 18.6 168.7 8.56× 106
5 keV 1.40× 10−8 14.2 221.5 3.78× 106
6 keV 1.10× 10−8 11.3 276.9 1.93× 106
7 keV 8.96× 10−9 9.4 334.6 1.10× 106
8 keV 7.50× 10−9 8.0 394.2 6.70× 105
9 keV 6.41× 10−9 6.9 455.6 4.34× 105
10 keV 5.57× 10−9 6.1 518.7 2.94× 105
Table 2: Virial quantities for different WDM masses, with anr the scale factor of the WDM
transition given by Eq.(4.10), rv the virial radius in kpc/h is given from Eq.(3.6), the wave
number kv in Mpc−1h, and the virial mass Mv in M/h3.
non-relativistic anr for thermal WDM particles), however the numerical values α have been
numerically fitted using a Boltzmann code [2]. In our virial approach, all model dependence is
encoded in the free-streaming scale λfs, which is well defined function and is not numerically
fitted.
We plot the Matter Power Spectrum and the transfer functions in Fig.1 in the mass
range (1 - 10) keV for WDM. Notice that the standard error for all three parameters are
small, specially for αv and βv. The value of βv = 2.04 is actually close to previous works that
obtained β = 2.24 [2], however we find a significantly difference with γv = −2.68 compared to
γ= − 4.46. The difference in these parameters is because we take a different reference mode
kv instead of kα = 1/α as in Viel et al. [2] with similar proportionality constants ξv = 0.21
and ξV = 0.36.
Our transfer function is physically motivated and is determined in terms of the virial
mode kv which has a clear interpretation in terms of the free streaming scale and in contrast
with the fitted α parameter (c.f. eq.(2.4)) in the standard approach [2, 3]. Our transfer
– 8 –
function has an excellent agreement once we compare with the Boltzmann numerical code,
CLASS and it out performs the standard Transfer function in eq.(2.3) for massive particles
in the range 1-10keV .
4 Free-streaming scale and Virial radius rv
The thermal velocities of the dark matter particles have a direct influence on structure forma-
tion. While DM particles are still relativistic, primordial density fluctuations are suppressed
on scales of order the Hubble horizon at that time. This is called the free-streaming scale and
depends on the time when a massive particle becomes non-relativistic tnr. It is defined by
λfs(t) ≡
∫ t
0
v(a)dt′
a(t′)
(4.1)
The corresponding free-streaming scale mode kfs and a mass Mfs contained in sphere of
radius λfs/2 are given by
kfs =
2pi
λfs
, Mfs =
4pi
3
(
λfs
2
)3
ρmo. (4.2)
and in terms of the viral mode
rv =
rfs
2
=
λfs
4
, Mv =
(
4pi r3v
3
)
. (4.3)
with ρv = 8ρmo. For mass-scales M . Mv the free-streaming of particles erases all peaks
in the initial density field therefore the number of structures below this mass scale should
be significantly reduced in numbers. We show this behavior in Fig. 4, where we compare
CDM and WDM mass functions. However, it is the virialized scale that accounts for the mass
contained within the structure to be formed.
4.1 Free Streaming scale
It is conventional to report the free streaming scale assuming a relativistic regime with vwdm =
c = 1 for a < anr and following a non-relativistic regime (a > anr) with vwdm = anr/a. With
these choices of v one gets the free streaming scale
λfs(teq) '
∫ tnr
0
cdt
a(t)
+
∫ teq
tnr
vwdmdt
a(t)
, (4.4)
=
2tnr
anr
[
1 + ln
(
aeq
anr
)]
(4.5)
to be compared with of Eq.(4.7) or its limit eq.(4.8). However, we prefer to follow our previous
approach [11, 27] and define the time when a particle stops being relativistic, at scale factor
anr, when p2 = m2 with p the momentum of the particles. The velocity in an expanding
universe evolves as
v(a) =
(anr/a)√
1 + (anr/a)2
, (4.6)
which gives a velocity v2wdm(anr) = 1/2. Eq.(4.6) describes the exact velocity evolution of a
decoupled massive particle. The transition between relativistic to non-relativistic is smooth
– 9 –
and continuous, see [11] for a generalize transition. This evolution is general and valid for any
massive decoupled particles (WDM, CDM or massive neutrinos). Using eq.(4.6) in eq.(4.5)
we get [11])
λfs(aeq) =
2tnr
anr
ln
 aeq
anr
+
√
1 +
(
aeq
anr
)2 , (4.7)
which gives free streaming scale without approximation. However, for presentation purposes
let assume that anr  aeq and then
λfs(aeq) ' 2tnr
anr
[
ln(2) + ln
(
aeq
anr
)]
. (4.8)
Here, we use in our calculations eq.(4.7) but for presentation purposes we take the approxi-
mations in eq.(4.8). We express 2tnr = 1/Hnr and Hnr = (aeq/anr)2(ao/aeq)3/2Ho to obtain
2tnr
anr
= 0.011
(
1 + zeq
1 + 3411
)1/2( anr
2.77× 10−8
)
Mpc
h
(4.9)
where anr has been previously computed in [11],
anr
ao
= 2.77× 10−8
(
Ωdmoh
2
0.120
)1/3(
3 keV
mwdm
)4/3
, (4.10)
where we consider the DM particle as a fermion with gf = 7/4 degrees of freedom. With
a simple analytic approach for a massive particles characterized by having a non-negligible
thermodynamic velocity dispersion [2, 20, 23, 24, 29–37] we can compute the fluid approxima-
tion for the perturbation equations for any massive particles, given the analytic solution for
the energy density evolution we were able to reproduce the most appealing feature of WDM,
the cut-off in the matter power spectrum [2, 3, 23, 24]. The percentage difference between
the numerical value obtained from Boltzmann equations and the analytic one of anr is on
average 3% in a mass range 1-10 keV.
In Table 2 we show different values of anr and in Fig. 3 we show the lower limits that
constrains anr from the fluid approximation [27] applied to WDM. The free-streaming scale
λfs and mass in the limit anr/aeq  1 take the following values
λfs ' 97.0
(
1 +
(
1
8.82
)(
1 + 3411
1 + zeq
)(
2.77× 10−8
anr
))
kpc
h
(4.11)
with λfs = 108.2 kpc/h for zeq = 3411, anr = 2.77× 10−8, and a contained mass of
Mwdmfs = 2.45× 107
(
Ωdmoh
2
0.12
)(
λfs
108.2 kpc
)3
M.
The virialized structure has a mass Mv = Mfs, however the energy density in the virialized
structure is eight times larger than in Mfs, and a radius rv = rfs/2 = λfs/4 with
rv = 24.25
(
1 +
(
1
8.82
)(
1 + 3411
1 + zeq
)(
2.77× 10−8
anr
))
kpc
h
(4.12)
= 26.4
(
λfs
108.2 kpc/h
)
kpc
h
. (4.13)
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Figure 4: Plot of the halo mass function. The black solid line is the CDM model; Color straight,
dashed, dot-dashed and dotted line styles represent 0.5, 1, 3, and 10 keV WDM masses respectively. Color
lines represent the halo mass function from different matter power spectrum. Dark green are the lines from
CLASS, pink and light green lines are the virial parametrization form Eqs. (3.7) and (3.9), respectively. And
orange color lines is the standard parametrization, Eq.(2.3).
4.2 Halo Mass Function
The comoving number density of collapsed structure is computed using the Press-Schechter
formalism [38]. With the linear matter power spectrum obtained from the transfer function,
eq.(2.1), we compute the halo mass function having mass range M to M + dM as
dn
d logM
=
1
2
ρ
M
F(ν)d log σ
2
d logM
(4.14)
where n is the number density of haloes,M the halo mass and the peak-height of perturbations
is given by ν = δ
2
c (z)
σ2(M)
, where δc = 1.686 is the critical overdensity required for a structure
to collapse in a dark matter halo in the ΛCDM cosmology. The average matter density is
ρ. The corresponding variance of the smoothed density fluctuation in a sphere of radius R
enclosing a mass M is σ2(M), can be computed from the following integrals
σ2(M) =
∫ ∞
0
dk
k2Plin(k)
2pi2
|W (kR)|2. (4.15)
Here we will use the sharp-k window function W (x) = Θ(1− kR), with Θ being a Heaviside
step function (smoothes the large scale mass distribution to a continuous density field), and
R = (3cM/4piρ)1/3, where the value of c = 2.5 is proved to be best for cases similar as the
WDM [39]. Finally, for the mass function, F(ν), we adopt [40] that is giving as
F(ν) = A
(
1 +
1
ν ′p
)√
ν ′
2pi
e−ν
′/2 (4.16)
with ν ′ = 0.707ν, p = 0.3, and A = 0.322 determined from the integral constraint
∫
f(ν)dν =
1.
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Using the matter power spectrum using the transfer function with Eq.(2.1), and using
the virial approach Eqd.(3.9) and (3.7). We compute the halo mass function, see Fig.4, and
compare it with the mass function obtained from CLASS numerical solutions to the matter
power spectrum and the same from Viel transfer function, Eq.(2.3).
5 Summary and Conclusion
We studied the clustering properties of WDM particles and we present the viral approach,
where the transfer function depends on the viral wave number kv = 4pi/λfs, and we compare it
to the standard approach. The velocity dispersion of WDM at early stages on the evolution of
the universe suppress gravitational clustering and may conciliates observations of the number
of small scales galaxies. The details of the suppression depend on the properties of the DM
particles, however a key ingredient is the time when these particles become non-relativist
given by the scale factor anr.
We have presented here a new approach to structure formation where the virial radius
rv places a dominant role. The viral mode kv is defined in terms of the free streaming
scale λfs and depends thus directly on anr. This new approach is physically motivated, is
consistent with previous works in WDM structure formation, and allows for an understanding
the suppression of small scale structure in terms of the virial mass and radius, Mv and rv
respectively. The transfer function T (a, k) is determined in terms of the virial mode kv
which has a clear interpretation in terms of the free streaming scale and is easily calculated,
contrasting with the α parameter of eq.(2.4) [2, 3] which requires a numerical fit.
From Table (1) we see that our virial transfer function performs better than the stan-
dard transfer function for WDM with masses in the range (1-10) keV. The standard transfer
function has up to two constant parameters (β, γ) which can be reduced to only one µ with
β = 2µ, γ = −5/µ with µ = 1.12 supplemented by the α containing the relevant clustering
parameters of the WDM model in eq.(2.4) and has been fitted to give the correct value of
k1/2 for different WDM models. Since α has been numerically fitted we consider it as a free
parameter. Therefore the standard transfer function has up to three parameters and can be
reduced to two parameters by taking the fitted constraint γβ = −10. On the other hand our
viral Transfer function parametrization in eq.(3.7) has only two parameters β, γ. As in the
Standard Transfer function we can reduce a parameter by taking γvβv constant. Doing so, we
found βv = 2ν, γv = −9/ν with ν = 1.09, and γv βv = −18. Taking βv and γv independent
we obtained βv = 2.05 ± 0.04, γv = −8.94 ± 0.10 with γv βv = −18.32 at the central values.
Clearly the one and two parameter Transfer Function in the viral approach are consistent.
We obtained for a WDM thermal particle that becomes non-relativistic at anr = 2.77× 10−8,
corresponding to a 3 keV mass, a viral radius rv = 26.4Mpc with wave number kv = 21.64 in
the viral approach and a k1/2 = 21.86 in the standard approach, corresponding to a structure
with a contained mass of O(107) M.
We have shown that our virial parametrization of the transfer function is physically
motivated and has an excellent agreement with numerical results from Boltzmann CLASS
codes shown in Table (1) and Fig.(2) and Fig.(1) and outperforming slightly the standard
transfer function [2, 20] given in eq.(2.3) for masses in the range 1-10 keV. The parameter α
in the Standard Transfer function must be fitted numerically using Boltzmann code, while in
our approach the physical parameter kv = 2kfs is determined in terms of the free streaming
mode λfs an easily computed quantity.
– 12 –
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